Plasma based particle accelerators driven by either lasers or particle beams are most probably the future of the particle accelerators technology. In a laser driven plasma based particle accelerators a stable synchronization of the electron bunch and of the plasma wake field in the range of less than 2 fs is necessary in order to optimize the acceleration. For this purpose we are developing a new shot to shot feedback system with a time resolution of less than 1 fs. As a first step, stable THz pulses are generated by optical rectification of a fraction of the plasma generating high energy laser pulses in a nonlinear lithium niobate crystal. It is planed that the generated THz pulses will energy modulate the electron bunches shot to shot before the plasma to achieve the time resolution. In this contribution we systematically investigate the influence of the optical properties as well as the theoretical description of the THz generation on the conversion efficiency of the generation of short THz pulses. We compare different approximations for the modeling of the generation dynamics (full second order calculation or first order slope varying approximation SVA) and of the dielectric function (linear approximation of the dispersion relation, influence of the free carries generated by the pump adsorption and their saturation, decreasing of the pump intensity) in order to investigate the importance of a detailed description of the optical properties.
INTRODUCTION
The investigation of the Higgs boson, the deeply understand the strong interaction and in particular the properties of the quark gluon plasma, the search of the limits of the standard model are some of the many challenging task of nuclear physics, for which particle accelerator are needed.
Accelerators are fundamental technical tools not only for these fundamental research topics, but they have several applications in atomic physics, material science, biology, medicine, industry and for security purposes and point-to point communications. Nevertheless, the limits of the standard accelerators seem to have been reached. In fact, although the broad spectrum of their application fields, accelerators work according to same principle: particles are accelerated by that powerful radio waves and they are driven by strong magnetic field. Therefore, this accelerating technology is limited by the physical-chemical properties of the material used for the construction as well as by the huge size of new accelerators and by the financial costs.
Therefore, the realization of compact and less expensive accelerators is a fundamental aim for science as well as society. The laser driven plasma wakefield acceleration (PWA) allows to overcome these problems. The principle of this technology is based on the plasma response to a short laser pulse:
1 a travelling longitudinal electric field, in the wake of the laser beam, with a phase velocity close to the speed of light is created, so that electron beam will be accelerated with high electric field gradient. Despite several limiting factors as the depletion of laser power or dephasing between the relativistic electron bunch and wakefield and the Rayleigh length of the laser beam, only several centimeter of plasma are needed to produce electron bunches with a beam energy of 4.5 GeV.
2 Because the period of the accelerating fields is in the range of 10 to 100 fs, a stable synchronization of the electron bunch and of the plasma wake field in the range of less than 2 fs is necessary in order to optimize the acceleration.
For this purpose we are developing a new shot to shot feedback system with a time resolution of less than 1 fs. We plane to generate stable THz pulses by optical rectification of a fraction of the plasma generating high energy laser pulses in a nonlinear lithium niobate crystal. With these pulses we will energy modulate the electron bunches shot to shot before the plasma to achieve the time resolution. 3 In Fig. 1 a schematic representation of our system is shown. This paper focuses on the generation of THz pulses. We present our investigation of the influence of the optical properties as well as the theoretical description of the THz generation on the conversion efficiency of the generation of short THz pulses. For the optimization of the synchronisation an efficient and stable generation of THz pulses is a fundamental task. Therefore the conversion efficiency of the THz generation has to be maximized. Following 4 we define the conversion efficiency in term of the THz frequency component of the electric field E T as,
where F L and ε 0 indicate the pump fluence and the vacuum dielectric constant respectively. The optical properties of the material, i.e. the adsorption of the THz radiation and the material dispersion effects, sensitively influence the conversion efficiency. Therefore, for the optimization of the η, the selection of the nonlinear material play a key role. Because of its high nonlinear optic coefficient, lithium niobate (LiNbO 3 , LN) is a suitable material for THz generation. In this contribution we investigate the dependence of the conversion efficiency on the optical properties by considering a periodically poled lithium niobate crystal (PPLN).
4, 5
The paper is organized as follows. First, we derive the general equations for the description of the THz generation and then we present the calculation of the optical properties of the material and the different approximations for the solution of the THz generation. Therefore we investigate in this framework the role of the optical properties of PPLN on the conversion efficiency of the generation of THz pulses. A direct treatment of the influence on η of the intensity decreasing of the laser pump is presented. The conclusions finalize this work.
DERIVATION OF THE THZ GENERATION EQUATIONS

Following,
6, 7 the one dimensional wave equation for the electric field can be derived from the Maxwell equations and it holds ∂
denotes is the dielectric constant, µ is the magnetic permeability of vacuum, σ denotes the electrical conductivity and P NL is the nonlinear polarization. Here the electric field E tot (t, z) is the sum of the electric field of an optical frequency component (laser pulse), E L (t, z) and a THz frequency component, E(t, z) T , so that the equation of motion can be formulated as a system of coupled differential equations for E L and E T .
where ε(ω) is the generalized (complex) dielectric function, in which the contribution of the electric conductivity is encoded and P L and P T are the nonlinear polarizations in the optical and THz frequency range respectively. By neglecting the right part of Eq. (4) the equation system becomes decoupled and only the equation for the THz component has to be considered. From the physical point of view, in this approximation, which is used in several works, [8] [9] [10] the depletion of the laser pump is neglected.
The nonlinear polarization in THz frequency can be expressed in general as a power series. We consider only the leading quadratic term, i.e.
where the parameter χ
eff (z) is the effective second order nonlinear susceptibility which can be a function of the spatial coordinate z. Here we used that for arbitrary z holds
where k(ω) denotes the module of the wave vector. Evidently, the optical properties of the material in two different frequency ranges are the relevant physical inputs for the THz generation. Indeed, for the calculation of the polarization, the dispersion relation k(ω), i.e. the dependence of the wave vector on the frequency, near to the central laser frequency ω 0 is needed. On the other side, in order to solve the equation of motion (3) for A T the dielectric function ε(Ω) in the THz region has to be known.
Therefore, in the next session we present the description of the optical properties for these two different frequency ranges.
MODELING THE MATERIAL PROPERTIES
The optical properties, we have to calculate the complex dielectric function ε(ω) of the material, that is related to the wave vector, the refractive index and the adsorption coefficient as following,
For the polarization integral only the knowledge of the wave vector is needed. Therefore, in the frequency region around ω 0 , we can restrict yourself to the calculation of the real part of the dielectric function. For this purpose we describe the refractive index squared as function of the frequency using the Sellmeier equation given in Ref. 11 In literature, several works use the Taylor expansion of the wave vector
and they consider the contribution up to the first order. In this way they perform a linear approximation of the term k(Ω + ω) − k(ω) which enters in the polarization integral, [8] [9] [10] i.e.
For the THz frequency region we have to calculate the complex dielectric function of the material. We use a physical motivated description for ε(Ω) is based on an oscillator model, i.e.
where the summation over the lattice oscillators with the strength S j , angular resonance frequency Ω j and resonance width Γ j is performed and the bound electron contribution to the dielectric function is denoted as ε ∞ . 12 In this contribution we use the parameter set Schall(1999) from Ref.
12 as well as our parameter Mattiello(2017), 3 in order to investigate the influence of the dielectric function on η. Because free carries (FC) are generated by the pump adsorption in the material, 9, 10 we systematically modify the dielectric function, in order to describe the effects of FC to the optical properties as following 5, 13 
where the contribution of the free carries is implemented along the line of a Drude model. Hereby τ sc is the electron scattering and the plasma frequency ω pl is given in term of to the density of free charge carries ρ FC as
where e and m eff are the electron charge and effective masse respectively. Following 10 we use τ sc = 200 fs and m eff = 0.25m e , where m e indicates the electron mass. We remark here that our systematic treatment of the FC contribution differs from the approximation performed in several work, which use a simple sum α T (Ω) = α (Ω). In fact, in these calculations the two terms are calculated separately starting from a dielectric function without free carries and the dielectric function of the Drude model ε FC respectively. 9, 10 The physical relevant quantity is the FC density. In our previous works 5, 13 we proposed the following phenomenological description for ρ FC in a PPLN,
Hereby, for fluences smaller then a transition fluence F 0 we describe the FC density by the three-photonadsorption process (3PA) of the pump beam in the medium 10 as
where γ 3 denotes the absorption coefficients for three-photon process. For larger fluences, i.e. F L > F 0 , we model the saturation of the FC density with an exponential behavior. This functional dependence can explain the increasing of THz conversion efficiency that was observed experimentally by LN crystals. 10 In following we refer to unsaturated density and we indicate it with ρ 3PA , if the saturation is omitted, i.e the function ρ 3PA (F L ) is used for all fluences.
The Fig. 2 shows the density of free charge carriers as function of the fluence for unsaturated density (dashed line) and for different values of F 0 as indicated. We assume a Gaussian pulse with duration τ FWHM = 25fs and λ 0 = 1030nm. The label symmetric indicates, that in this parameterization that F 0 is determined by the condition ρ 3PA (F 0 ) = ρ s /2 = 2 · 10 14 cm −3 . In Sec. 5 we will discuss the influence of the different parameterizations on the efficiency η(F L ).
MODELING THE THZ GENERATION
In order to simplify the calculation of the A T , different way to solve the equation of motion (3) are used in the literature. These possibilities, additionally to the different implementation of the optical properties and their approximations (full Sellmeier equation or linear approximation for the dispersion, systematic implementation of the free charge carries, different parameterization of the saturation behavior) can modify the results of the conversion efficiency.
Slope varying approximation
The slope varying approximation (SVA), in which neglecting the second spatial derivate of the amplitude leads to a linear differential equation of the first order,
is used in almost all investigations. 3, 4, [8] [9] [10] Hereby α T indicates the adsorption coefficient extracted from the modified dielectric function in the THz range given in Eq. (11) . Then, for the amplitude holds
where the mismatching ∆k for PPLN is defined by
Hereby Λ = 237.74 µm is the quasi-phase-matching orientation-reversal period. 4 Therefore, A T can be expressed as linear combinations of integrals involving the quantitỹ so that η can be calculated semi analytically without any approximation for the dispersion relation in the optical range. 5, 13 We note that in general the mismatching ∆k is a function of the integration variable ω.
However, in the linear approximation of the optical dispersion relation ∆k becomes, using Eq.
Λ . Consequently, the integration of Eq. (16) can be performed analytically and for the absolute value of the field squared holds
where the effective nonlinear polarizationP T is defined as
Solution for the second order equation
A similar derivation can be obtained by assuming a forward propagation of the THz wave. Under this requirement the formal solution for Eq. (3) is given by
where we define the generalized mismatch vectors for PPLN as
As in the case of the SVA, if for the optical dispersion relation the Sellmeier equation is used, E T is as linear combination of integrals involvingJ
so that η can be calculated semi analytically. Similarly, in the linear approximation a compact analytic expression can be derived. In this case we obtain
(24)
T /4 and g 2 = −α T k(Ω).
RESULTS
In this work we focus on a periodic polarized congruent lithium niobate crystal with χ
eff = 336 pmV −1 at room temperature. For the laser pulse we assume with a Gaussian laser beam pulse with central wave length λ 0 = 1030 nm and a pulse duration at full width of half-maximum τ FWHM = 25 fs. 3-5, 8, 10, 13 With this choice the effective nonlinear polarization can be calculated analytically as
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The refractive index n 0 = n(λ 0 ) is systematically calculated using the Sellmeier equation.
Firstly we consider the slope varying approximation. In Fig. 3 The functional behavior of η strongly depends on the choice for the treatment of dispersion relation in the optical range. If the linear approximation is used, a saturation of η for large crystal lengths occurs. On the other site, by using the Sellmeier equation, the conversion efficiency show a local maximum about around L ≈ 10 mm and is a decreasing function of the larger crystal length. Therefore η(L) holds the similar non monotonic behavior that is shown in Ref., 4 where a depleted calculation has been performed. That should indicate that the depletion effects do not lead to significant modifications. As regard the influence of the FC contribution, a similar qualitative behavior can be observed, i.e. a saturation of η for large crystal lengths in the linear approximation and a non monotonic behavior for the exact optical dispersion relation. Nevertheless, the precise values of η indicate a non negligible dependence of the conversion efficiency on the details of the adsorption. Similar results for can be achieved, if η(L) has be calculated for the fixed pump fluence F L = 5 mJ cm −2 using the parameters set Mattiello(2017) . Only negligible deviations between the results achieved with the two parameterizations of the oscillator dielectric function have been found. 5 Therefore, we can assume a quantitative approximate independence of the results for the efficiency from the oscillator models for small pump fluence.
We focus now on the efficiency as function of the pulse fluence at fixed crystal length. In this way the dependence of η from the parameterization of the density of the free charge carries as well as from the choice of the dielectric function at higher pump fluence can be investigated. In Fig. 4 the efficiency for a crystal length of L = 5mm as function of F L is shown, where we use the Sellmeier equation for the polarization integral and different parameterization of the FC density, labeled by F 0 as indicated. The solid and dashed lines refer to the efficiencies calculated with our parameters 3 and with the parameter of Schall 12 respectively. For comparison, the results for the efficiency calculated at vanishing FC are plotted. In this case, we observe a linear behavior of the efficiency as function of the fluence as expected. For unsaturated density of FC, the η holds a non monotonic behavior with a local maximum around 10 mJ cm −2 and then it decreases to an asymptotic value for large fluences. For saturated ρ FC we note a diversified behavior. In fact, for F 0 > 10 mJ cm −2 we observe three different monotonic regimes with a local maximum of the efficiency around 10 mJ cm −2 and a local minimum, so that at higher fluences η is an increasing function of F L . For smaller values of F 0 η shows a monotonic increasing behavior as function of the pump fluence. Nevertheless we note a change of the slope of this behavior at the value of the fluence, where the local maximum of the efficiency, for larger values of F 0 , is located.
This diversified behavior of η indicates the importance of a dynamical description of the generation and saturation of the free charge carriers in order to understand the THz generation. Furthermore, differences between the results achieved using the two models for the oscillator part of the dielectric function cannot be neglected. Therefore we claim the existence of region of the physical parameters, i.e. L and F L , where the conversion efficiency shows an important sensitivity from the model for ε osc .
We consider now our results for η achieved by solving directly the equation of motion as differential equation of the second order, i.e. Eq. (3). We focus on the deviation from the SVA results. For this purpose we investigate the efficiency as function of the crystal length at fixed fluence.
In Fig. 5 we compare the results for the conversion efficiency η for a fixed pump fluence F L = 5 mJ cm −2 as function of the crystal length L between the second order calculation (solid lines) and the SVA (dashed lines) using the parameters set Schall(1999). In the linear approximation for the optical dispersion relation the deviations remain small. However, using the Sellmeier equation, we find sizeable deviations. We can argue that at small fluences the second order dynamics effects seem to be stronger than the contribution of the free charge carries. However, as further investigations have shown, for large fluence only small deviations between the second order and SVA calculations can be found. Therefore, at high fluences η seems to be dominated by the details of the formation and saturation of FC, whereas the effects of the second order effects do no play a significant role * .
The focusing on the efficiency as function of the fluence can confirm it. In Fig. 6 we compare η for a crystal length of L = 5 mm as function of F L using the Sellmeier equation for the polarization integral and different * For this reason we resign to present the corresponding figure Therefore, for the knowledge of the dependence of η on the fluence the details of the formation and saturation of FC are the key issues.
DECREASING OF THE PUMP INTENSITY
In order to achieve a better understanding of the influence on η of the intensity decreasing of the laser pump induced by the three photon adsorption in SVA approximation, we reformulated the equation of motion (15) as
where α
T denotes the adsorption coefficient calculated from the oscillator model dielectric function given in Eq. (10) without to include the free carries contribution. Here we used the feature that the linear polarization and the intensity are proportional, if P T includes quadratic terms of the electrical field only. In following we restrict ourselves to the linear approximation for the optical dispersion relation and we neglect the linear adsorption in the optical regime. This approximation can be justified by the form of the Sellmeier equation, which assumes a real refractive index. Then the intensity can be expressed by
where I 0 (t) denotes the intensity at z = 0 and the time shift is given by t 0 = n gr opt z/c. We calculate the Taylor expansion of I L (t, z) and then we perform the Fourier transform of it so that we obtain
where we introduce the quantities u n = Therefore the inhomogeneous of Eq. (28) automatically includes the decreasing of the laser pump intensity. For a Gaussian pulse the amplitude holds
with b = α/2 − ı∆k 0 and p m = −ı Ωχ (2) eff 2kc 3 n0ε0Ĩ n . This expression for A T allows us to calculate the efficiency η D , where the laser intensity decreasing is systematically includes. In order to investigate its influence we compute the deviation from previous case, where the effects of FC have been neglected, using the quantity δ D = (η D − η) η −1 × 100. In Fig. 7 δ D is plotted as function of the crystal length L using the parameters set Schall(1999) for different values of the pump fluence as indicated.
Evidently a significant reduction of the efficiency emerges because of the decreasing of the laser pump intensity. In particular for large crystal length and high fluence this effect cannot be neglected. Furthermore, we note at fixed L that the deviation become stronger by increasing fluence. This indicates that the efficiency as function of the fluence is no longer linear. In order to investigate the functional dependence we show in Fig. 8 η D for a crystal length of L = 40 mm as function of F L (orange line) using the parameters of Schall.
12 For comparison, we plot the efficiency η calculated in SVA within the linear approximation at vanishing FC (red line), for unsaturated FC density (green line) and using F 0 = 9 mJ cm −2 (brown line).
In fact we note a deviation from the linear dependence on F L , which is typical by vanishing FC. Furthermore, η D and the efficiency calculated including the FC contribution parameterized by F 0 = 9 mJ cm −2 show the same qualitative behavior. Indeed, for larger fluences, in both cases, the efficiency follows a power law, i.e. Nevertheless, the value of the critical exponent δ is different. For η D we find δ ≈ 0.8 and for the efficiency calculated including the FC contribution with F 0 = 9 mJ cm −2 a value δ ≈ 0.47 leads a good description for the increasing η at large fluences. The corresponding power law functions are plotted as dotted lines in Fig. 8 . The different exponent can be useful to discriminate experimentally, which effects maybe is more relevant. On the other site we can understand Eq. (28) as an effective (macroscopic) description for the interaction of the laser with the medium. In other words, it gives a macroscopic treatment of the effects originated from the generation of FC in the PPLN. Therefore the coupling quantity γ 3 in Eq. (28) can be treated as free effective parameter in order to reproduce experimental results.
CONCLUSION
We are planning a shot to shot feedback system able to perform the synchronization between electron bunch and the ultrashort laser for laser driven plasma wakefield accelerators with a time resolution of less than 1 fs. The optical properties of the lithium niobate crystal play a crucial role for the generation of THz pulses, which is the first step of our feedback system. Therefore, systematic calculations of the optical properties of PPLN crystal and of their influence on the efficiency of the generation of THz pulses have been presented.
By comparing different Ansätze for the solution of equation of motion (SVA vs. second order calculation) as well as different models for the dielectric function, the importance of a consistent description of the optical properties can be shown. This include not only the dispersion relation in the THz as well as in the optical range, but also consideration of the complete, i.e. second order, equation of motion for the THz field.
Additionally we proposed a new effective description for the effects of decreasing intensity of the laser induced by the generation of the free carries generated by the pump adsorption in the material.
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